MEROMORPHIC MAPPINGS HAVE THE SAME INVERSE IMAGES 
OF MOVING HYPERPLANES WITH TRUNCATED MULTIPLICITIES 



SI DUG QUANG 



Abstract. In 1999, H. Fujimoto proved that there exists an integer Iq such that if two 
meromorphic mappings / and g of C™ into P"(C) have the same inverse images for 
(2n + 2) hyperplanes in general position with counting muhiplicities to level Iq then the 
map fxgia algebraically degenerate. The purpose of this paper is to generalize the result 
of H. Fujimoto to the case of meromorphic mappings and slowly moving hyperplanes. 
Also we improve this result by giving an explicit estimate for the number Iq. 



Introduction 

Let / and g be two meromorphic mappings of C™" into P"(C). Let Hi,...,Hq be q 
hyperplanes of P"'(C) in general position. Denote by V{f,H{) the pull back divisor of Hi 
by /. In 1975, H. Fujimoto proved the following. 

Theorem A (H. Fujimoto [21 Theorem II]). Assume that v^f^n,) = ^(g,H,) < i < q)■ 
If q = 3n+2 and either f or g is linearly non- degenerate over C, i.e, the image does not 
included in any hyperplane in P"(C). Then f = g. 

We note that in this theorem, the condition i'{f,H,) = ^(g,Hi) (1 < < Q') means that 
/ and g have the same inverse images with counting multiplicities for all hyperplanes. 
In 1999 H. Fujimoto [3J considered the case where these inverse images are taken with 
multiplicities truncated by a level Iq. He proved the following theorem, in which the 
number q of hyperplanes is also reduced. 

Theorem B (H. Fujimoto [31 Theorem II]). Let Hi, ...,H2n+2 be hyperplanes o/P"(C) 
in general position. Then there exist an integer Iq such that; for two algebraically non- 
degenerate meromorphic mappings f and g, min{z/(j^//^), /q} = T^^T^{^{g,Hi),^o} 
2n + 2) then the mapping f x g into P"(C) x P"(C) is algebraically degenerate. 

Then the following questions arises naturally: 
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• Are there any similar results to the above results of H. Fujimoto in the case where 
fixed hyperplanes are replaced by moving hyperplanes? 

• Is there an explicit estimate for the integer Iq ? 

The purpose of the present paper is to give an answer for these questions. We shall 
generalize and improve Theorem B to the case of moving hyperplanes, also give an explicit 
estimate for the truncation level Iq. To state our result, we first recall some following. 

Let /, a be two meromorphic mappings of C"* into P"(C) with reduced representations 
f — {fo '■ ■ • ■ '■ fn): CL — {O'O '■ ■ • ■ '■ ^n) respectively. We say that a is "small" with respect 

n 

to / if II Ta{r) — o{T{r, /)) as r — >■ oo. Put (/, a) — Yl, O'ifi- We also call a a slowly (with 

i=0 

respect to /) moving hyperplanes or moving target. 

Let Oi, . . . , {q > n + 1) he q moving hyperplanes of C"* into P"(C) with reduced 
representations = (ajo : ••• : Om) (1 < J < We say that ai,...,aq are located 
in general position if det(aj^;) ^ for any 1 < io < ii < ■■■ < «n < Q- We denote by; 
M. the field of all meromorphic functions on C"*, TZ{ai}f^i the smallest subfield of M. 
which contains C and all with aji ^ 0, TZf the field of all small (with respect to /) 

meromorphic function on C"*. 

Let y be a projective subvariety of P^(C). Take a homogeneous coordinates (a;o : • • • : 
u!n) of P-^(C). Let F be a meromorphic mappings of C"* into P"(C) with a reduced 
representation F — {fo : ■ ■ ■ : Fn). 

Definition C. The meromorphic mapping F is said to be algebraically degenerate over 
a subfield TZ of M. if there exists a homogeneous polynomial Q e TZ[uiq, ■■■,ujn\ with the 
form: 

Q{z){u:o,...,u:n) = aiiz)uj^ , 

where d is an integer, = {(io, "^jv) ; < < d^Yl!j=Qh — aj & TZ and — 
uj'q ■ ■ -Lu]^ for I = (io, ...^in), such that 

(i) Q{z){Fq{z),...,Fn{z)) = Q onC", 

(ii) 3^0 e C™,g(;2o)(^o,-,^iv) # on K 

Now let / and g be two meromorphic mappings of into P"(C) with representations 

/ = (/o : • • • /n) and 5r = (g-o : • • • : g^,). 

We consider P"^(C) x P"(C) as a projective subvariety of p("-+i)^~i(C) by Segre embed- 
ding. Then the map f x g into P"(C) x P'*(C) is algebraically degenerate over a subfield 
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7^ of if there exists a nontrivial polynomial 

Q{z){uo,...,Un,ujQ,-.,uj'J= ^ ^ ajj{z)u^u'-^, 

ioA hin = d hjn=d' 

where d, d' are positive integers, ajj eTZ, such that 

Q{z){fo{z),...Jn{z),go{z),...,gn{z)) = 0. 

We now generalize and improve Theorem B to the following. 

Main Theorem. Let f and g be two meromorphic mappings of C"^ into P"(C). Let 
ai, ...,a2n+2 be slowly (with respect to f) moving hyperplanes o/ P"'(C) in general posi- 
tion. Let Iq be a positive integer. Assume that f and g are linearly non- degenerate over 
7^{ai}■=f and 

mm{u^f^H,)Jo} = mm{u^g^H,), k} (1 < i < 2n + 2). 

Iflo > 2n^q^{q - l){q - 2), where q = (^^''+2^), then the map f xg into P"(C) x P"(C) is 
algebraically degenerate over TZ{ai}'f2:i'^ ■ 

N.B. Concerning to finiteness or degeneracy problems of meromorphic mappings with 
moving targets, there are many results given by M. Ru [6], Z. H. Tu [lOj, D. D. Thai - S. 
D. Quang [8], G. Dethloff - T. V. Tan [1] and others. However in all their results, they 
need an aditional assumption that / and g are agree on inverse images of all targets. This 
is a strong condition and it is very hard to examine. 

Acknowledgements. The research of the author was supported in part by a NAFOS- 
TED grant of Vietnam. 

1. Basic notions and auxiliary results from Nevanlinna theory 

1 /2 

(a). We set \\z\ \ = + h |-2mP) for z = {zi, . . . , Zm) G C™ and define 

B{r) := {zeC"" : \\z\\ < r}, S{r) := {z e C"" : \\z\\ = r} (0 < r < oo). 



Define 



Vm~i{z) := ((ic?'^| l^l 1^)™ and 
a^z) := d^\og\\z\\^ A (c/c/'=log| |z| |2)™"^on C"^ \ {0}. 



Let F be a nonzero meromorphic function on a domain Q in C™. For a set a 

qHF 

(«!, am) of nonnegative integers, we set |a| = ai + ... + am and V^F 



9°izi...(9"™2;„ 

We denote by z/j (resp. z/j°) the zero divisor (resp. pole divisor) of the function /. 
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For a divisor v on C", which is regarded as a function on C™ with values in Z, and 
for positive integers k,M or M = oo, we define the counting function of u by 

=min {M,iy{z)}, 

z/Mf^) ifu(z)>k, 



if u{z) < k, 

J v{z)vm-i if m > 2, 
\v\ nB(t) 

^ z/(z) if m = 1. 

\z\<t 



Similarly, we define n^^^{t), n^^^Jlt). 



Define 



iV(r, u) 



[ ^dt (1< r < oo). 

J t2n-l V J 



Similarly, we define N{r,v^'^'^^), A^(r, z/!^^^) and denote them by A^[*^](r, z/), A^!^'(r, z/) 
respectively. 

Let ip : C" — > C be a meromorphic function. Define 

For brevity we will omit the character ^^"^1 if M = oo. 
(b). Let / : C"^ — > P"(C) be a meromorphic mapping. For arbitrarily fixed ho- 
mogeneous coordinates {uq : ■■■ : Un) on P"(C), we take a reduced representation 
/ = (/o : ■ ■ ■ : /„), which means that each /j is a holomorphic function on C"^ and 
f{z) = {fo{z) : ■ • • : fn{z)) outside the analytic set {/o = ••• = /„ = 0} of codimension 
>2. Set 11/11 = (|/o|2 + ... + |/„|2)V2^ 

The characteristic function of / is defined by 



T(r,/)= J log||/||a„,- J \og\\f\K. 

S{r) 5(1) 

Let a be a meromorphic mapping of C" into P"(C) with reduced representation a 
(oq : ■ ■ ■ : an). We define 

/■ , ll/ll ■ ll«ll f , ll/ll ■ ll«ll 

m/,,(r) = / log "; '' ' " a^ - / log "; '' '" a^. 



5(r) S(l) 

where ||a|| = (|cioP + ■ • • + jflnP)^^^- 

If /, a : C™ — 7- P"(C) are meromorphic mappings such that (/, a) ^ 0, then the first 
main theorem for moving targets in value distribution theory (see states 

Tir, f) +T(r,a) = m/,a(r) + A^(/,a)(r). 
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Let (p he a nonzero meromorphic function on C™, which are occasionally regarded as 
a meromorphic map into P^(C). The proximity function of if is defined by 

m{r,ip):= logmax (|v?|, 

Js{r) 

(c) . As usual, by the notation "|| P" we mean the assertion P holds for all r G [0, oo) 
excluding a Borel subset E of the interval [0, oo) with J^dr < oo. 

The following plays essential roles in Nevanlinna theory. 

THEOREM 1.1 (see [H Theorem 2.1], [SJ Theorem 2]). Let f = {fo : ■ ■ ■ : /„) be a 

reduced representation of meromorphic mapping f of into P"(C). Assume that fn+i 
is a holomorphic such that fo + ---fn + fn+i = 0. // J2iei fi¥'^ /^^ I £ {0, n + 1} 
then 

n+l 

\\nTj)<Y,Nf{r) + o{T{T,f)). 

i=0 

Theorem 1.2 (see [5], [3|, Theorem 5.5]). Let f be a nonzero meromorphic function on 
C"". Then 

m(^r,^^^=0(log+r(r,/)) (a G Z™). 

Theorem 1.3 (see O Theorem 5.2.29]). Let f be a nonzero meromorphic function on 
C™'. with a reduced representation f = {fo '■ ■ ■ ■ '■ fn)- Suppose that fk ^ 0. Then 

T{rjf) <T{rJ) <Y,T{rJf) +0[l]. 

(d) . Let hi, h2, hp be finitely many nonzero meromorphic functions on C™. By a ra- 
tional function in logarithmic derivatives of h'jS we mean a nonzero meromorphic function 
if on C'" which is represented as 

Pi... .1^....) 



with polynomials P(- ■ ■ , ■ ■ ■ ) and Q{- ■ ■ , ■ ■ ■ ) 

Proposition 1.4 (see [31 Proposition 3.4]). Let hi, h2, hp {p > 2) be nonzero mero- 
morphic functions on C™. Assume that 

hi + h2 + --- + hp = 

Then, the set {1, ...,p} of indices has a partition 

{1, = Ji U J2 U ■ ■ ■ U Jfc, tlJa > 2 V a, J« n = /or a ^ /3 
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such that, for each a, 

(i) 5^ = 0, 

h' 

(ii) G Ja) are rational functions in logarithmic derivatives of h'jS 

2. Proof of Main Theorem 

In order to prove the main theorem, we need the following algebraic propositions. 
Let Hi, H2n+i be {2n + 1) hyperplanes of P"(C) in general position given by 

Hi : XioCOo + XiiUi + ■ ■ ■ + Xj„w„ = (1 < i < 2?2 + 1). 

We consider the rational map $ : P"(C) x P"(C) — > P^"(C) as follows: 

For V = {vq : vi ■ ■ ■ : w = {wq : Wi : ■ ■ ■ : Wn) G P'^(C), we define the value 

XioVo + XiiVi H h XinVn 

Ui = . 

XioWo + XiiWi H h XinWn 

Proposition 2.1 (see [31 Proposition 5.9]). The map ^ is a birational map o/P"'(C) x 
P"(C) onto P2"(C). 

Now let bi, &2n+i be (2n + 1) moving hyperplanes of P"'(C) in general position with 
reduced representations 

hi = {bio -.bii: ■■■ : bin) {l<i<2n + 1). 

Let / and g be two meromorphic mappings of C™" into P"(C) with reduced representations 

f = ifo ■ ■ ■ ■ ■ fn) and g= {go: ■■■ : g^). 

Define hi = {1 < i <2n + 1) and hj = Hig/ ^« each subset / of {1, 2n + 1}. 
Set X = {/ = (zi, in) ; 1 < zi < ■ ■ ■ < z„ < 2r;, + 1}. Let 7^ be a subfield of which 
contains lZ{bi}1'li^. We have the following proposition 

Proposition 2.2. // there exist functions Ai eTZ {I el), not all zero, such that 

Ajhj = 

then the map f x g into P"(C) x P"(C) is algebraically degenerate over TZ. 

Proof. By changing the homogeneous coordinates of P"(C), we ma assume that bio ^ 
(1 < i < 2n + 1). Since bi, ...,62n+i are in general position, then for 1 < io < ■ ■ ■ "^n < 
2n + 1 we have det(6j^.fc)o<j,fc<n ^ 0. Therefor the set 

S = {f]{z e C" ; Aj{z) = 0})U U {zeC"'; det(6,^.fc(^))o<,,fc<„ = 0} 

lel l<io<---in<2n+l 

is a proper analytic subset of C™. Take zq ^ S and set Xij = bij{zo). 
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For V = {vq : Vi ■ ■ ■ : f„), w = {wq : Wi : ■■■ : Wn) € P"(C), we define the map 
= (mq : ■■■ : U2n+i) G P^"(C) as above. By Proposition 12. ![ $ is birational 
function. This imphes that the functions 



/ex ie/ ^i=o 

is a nontrivial rational function. It follows that 

Q{z){Vo,...,Vn,Wo,...,Wn) = —^i^YT-^'^li^) \ Yl^^ij(^)^j] ^ [Yl^b,j{z)w 



where /'^ = {1, 2n + 1} \ J, is a nontrivial polynomial with coefficients in TZ. Since the 
assumption of the proposition, it is clear that 

Hence f x g is algebraically degenerate over TZ. □ 

Proposition 2.3. Let f be a meromorphic mapping o/C™" into P"(C) and let bi, 
be moving hyperplanes o/P"(C) in general position with reduced representations: 

f={f0 ■■■■■■■ /n), k = iko : hn) (1 < 2 < n + 1). 

Then for each regular point zq of the analytic subset [J^^l{z ; {f,bi){z) = 0} with zq ^ 
I{f), we have 

min z^(%,)(2;o) < ^^det-i-l^o), 

where I{f) denotes the indeterminacy set of f and $ is the matrix [bij] 1 < i < n+1,0 < 
j < n). 

Proof. Since zo ^ /(/), we may assume that fo{zo) 7^ 0. We consider the following system 
of equations 

hofo + ■■■ + binfn = (/, bi) {l<i<n+l). 
Solving these equations, we obtain 

_ det 
d^' 

where $' is a matrix obtained from $ by replacing the first column of $ by \ 

\ if, bn) J 

Therefore, we have 

The proposition is proved. □ 
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Proof of Main Theorem. Assume that f,g,ai have reduced representations 
/ = (/o : ■ ■ ■ : /n), g = {go: ■■■ : gn), o-i = (oio : ■ ■ ■ : am)- 
By Theorem ll.il we have 

,,2^ + 2 



TirJ)<J2N^ul)ir) + oiTirJ)) 



1=1 

2n+2 



2n+2 



" n + 2 

<n{2n + 2)iT{r,g)) + o{T{r, /)). 

Then we have || T(r, /) = 0{T{r, g)). Similarly we also have || T{r,g) = 0{T{r, /)). 
We suppose contrarily that the map fxg is algebraically non-degenerate over 7^{aj}^"^ 

Define hi = ^ — ^ {1 < i < 2n + 2). Then = — does not depend on the 

[g,ai) hj {g,ai) ■ {f,aj) 

choice of representations of / and g . Since J22=o^ikfk — hi ■ Yl^=id'^ik9k = (1 < i < 
2n + 2), it implies that 

(2.1) $ := det (ajo, a^^, aio^j, Om^i; 1 < i < 2n + 2) = 0. 

For each subset I C {1, 2, 2n + 2}, put hi = Hie/ Denote by X the set 
X= {I = {ii, in+i) ; 1 < zi < ■ ■ ■ < z„+i < 2n + 2}. 
For each / = (ii, ...,in+i) G X, define 

(n+l)(n + 2) I • I , . 

Ai = (-1) -2 +»i+-+*n+i X det{aix, 1 < r < n + 1,0 < I < n) 

X det(ajy; l<s<'n, + l,0<Z<'n,), 

where J = (ji, jn+i) G such that / U J = {1, 2, 2n + 2}. 
We define some following: 

• TZ: the field of rational functions in logarithmic derivatives of functions in 7^{aj}^"^^, 

• G: the group of all nonzero functions (f so that there exists an positive integer m, 
is a rational function in logarithmic derivatives of h/s with coefficients in TZ, 

• "H: the subgroup of the group M./G generated by elements [/ii], [/i2n+2]- 

Hence H is a finitely generated torsion-free abelian group. We call (xi, ...,Xp) a basis 
of T-i. Then for each i G {1, 2n + 2}, we have 



Put ti = {til, ■■■,tip) G and denote by " ^ " the lexicographical order on Z^. Without 
loss of generality, we may assume that 



2n+l- 



MEROMORPHIC MAPPINGS HAVE THE SAME INVERSE IMAGES OF MOVING HYPERPLANES 9 



Now the equahty (12 .11) imphes that 

"^Aihi = 0. 

lei 

Applying Proposition 11.41 to meromorphic mappings Ajhj {I ^ I), then we have a par- 
tition X = Xi U ■ ■ ■ U Xfc with Xa 7^ and Xq, fl X^ = for a 7^ /3 such that for each 
a, 

(2.2) Yl ^i^i = 0' 
A ih I 

(2.3) — — — (/, /' G Xq) are rational functions in logarithmic derivatives of Ajhj's. 
Ajhi 

Moreover, we ma assume that is minimal, i.e., there is no proper subset C with 

Eisj. Aihr ^ 0. 
We distinguish the following two cases: 

Case 1. Assume that there exists an index iq such that < tig+i. We may assume that 
<n + l (otherwise we consider the relation " ^ " and change indices of {hi, /i2n+2})- 
Assume that / = (1, 2, n+1) G Xi. By the assertion (12. 3p . for each J = (ji, jn+i) G 
^1 (1 < ji < ■ ■ ■ < jn+i < 2n + 2), we have [hj] = [hj]. This implies that 

tl + ■ ■ ■ + tn+l = tj^ + ■ ■ ■ + tj„^_i ■ 

This yields that tj- = ti {1 < i < n + 1). 

Suppose that jig > io, then ti^ < tjg+i ^ tj.^ . This is a contradiction. Therefore jig = io, 
and hence ji = = io — 1. We conclude that J = (1, 20,^10+1; •••;Jn+i) and 

2o < ■'^ + 1 for each J G Xi . 

By (12. ip . we have 

Ajhi = hig ^ Aihi\{igy = 0. 

Thus 

^ Ajhj\{,g} = 0. 

Then Proposition 12.21 shows that f x g is algebraically degenerate over T^jaj}^"]*"^. It 
contradicts to the supposition. 

Case 2. Assume that ti = ■ ■ ■ t2n+2- It follows that ^ G G for any I, J G I. Then we 
easily see that ^ G G for all 1 < i, j < 2n + 2. Hence, there exists a positive integer 

such that (t^) is a rational funtion in logarithmic derivatives of hjs with coefficients 
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in TZ. Therefore, by lemma on logarithmic derivatives, we have 



hi 1 { hi\ 

h/ TTiij \hjj 

= C(^maxm I r, — 1 j+Ol^maxm I r, — I j+C'(l) 

(2-4) V ffllfe / V s / 

= 0[maxm yr, ^ ^ j j+C'(maxm I r, ^ ^ I j+o(r(r, /)) 

= o(T(r,/)) + o(T(r,^7)) = o(T(r,/)). 

Claim 2.4. For each io G {1, 2n + 2}, we have 

and II iV^(r) < ^^^^-T^^^^T(r, ^) + o(T(r, ^)). 

Indeed, fix an index a. If jl-^Q, = 2, it is clear that we have a nontrivial algebraic 
relation (over 7^{aj}^!!^^) among /o, /n, (^O) ■■■i9n- It follows that f x g is algebraically 
degenerate over TZ{ai}'^!li'^ ■ this is a contradiction. Then jj/^ > 2. Assume that = 
{/o, It+i}, t > 1 and put J = Jq U ■ • • U It+i- We consider the meromorphic mapping 
Fa of C'" into P*(C) with the reduced representation 

Fa = (dAjghj^ : ■ ■ ■ : dAj^hj^), 

where d is a meromorphic function. Then we see that each zero point of dAj^hj. {0 < i < 
t + 1) must be either zero or pole of some Aj.hj. {0 < j < t). Then by Theorem ll.H we 
have 



(2.5) 



t+l n+l 



Tir, Fa) < J2 (r) + o(r(r, < J^i^t,, (r) + (r)) + o(T(r, Fa)) 

i=0 1=0 » » 

t+l t+l 



j=0 i=0 
t+l t+l 

< 

1=0 i=0 

< t{t + 2) 5^(<kr) + iVikr)) + o(T(r,^)) 



<t(t + 2)5^ivW,^)^>Jr) + o(T(r,^)) < iV(,,„^).>Zo(r) + o(T(r, ^)) 



t(t + 2)(2n + 2) ^ g(g + 2)(2n + 2) ^^ 

< T[r, g) + o(T(r, g)) < — — T(r, g) + o{T{r, g)), 

to + i to + J- 



whereg= 
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Take a regular point zq of the analytic subset 



2n+2 



[j{z ; (/,a,) = 0}with^o^/(/)U/((7). 



We may assume that ^^^^(^^o) > ^h2(^o) > ■ ■ • > ^h2n+2^^o^- ^ ~ (■'-' ■■•'"'^ + -'-)• Then 
/ G Xq, with an index a, 1 < a < k. 

It also is easy to see that if 1 G /' V/' G X^, then 



^ = 0. 



Therefore, Proposition 12.21 shows that f x g is algebraically degenerate (over Tl{ai}^2a'^) ■ 
This is a contradiction. Hence, there exists /' G X^ such that 1 ^ /'. Assume that 
/' = (ji, j„+i) with 1 < ji < ■ ■ ■ < By Proposition EJl it yields that i^°„+i(^o) < 

^det(a,r,jei'fi<i<n)i^o)- Thcu we have 



< (^o)<<(^o)<^V (^o) 

< u\hj_{Zo) + Z/£^(2:o) + l^det{aji;j€l',0<l<n)i^o) 



Ajihj 



Thus we have 



(^o)- 

l<jl<---<in+i<2n+2 



The above inequality holds for all zq outside an analytic subset of codimension at least 
two. Integrating both sides of this inequality, we obtain 



12 
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a=l I,I'<^Xc 
k 

<E E T{r,F^) + o{T{r,g)) 



< t E ^'^Y'fr'' nr.g) + oiT(r.g)) by C3. 

a=l ° 

< 2^ T— T T{r,g) + o{T{r,g)) 

g^(g- l)(g-2) 
= 2(/o + l) ^(^'^) + ^(^(^'^))- 

Similarly, we get 

II N^{r) < '^\~^^}'^~'^^ T{r,g) + o{T{r,g)). 

h^o 2(/o+l) 

We complete the proof of Claim 12.41 

We now continue the proof of Main Theorem. By changing the homogeneous coor- 
dinates of P"(C) if necessary, we may assume that Ojo ^ for all 1 < i < 2r2 + 2. 
Set 

n n 

dij = — , di = {dio, ....,din), {f,di) = "S^^ijfj and {g,di) = S^dijg^. 
Then there exist functions bij G 7^{aj}^"^^ {n + 2<i<2n + 2,l<j < n + 1) such that 



n+l 

By the identity ( 12. ID . we have 

det {dio, din, aiohi, dinhi] 1 <i <2n + 2) =0. 
It easily implies that 

n+l n+l 

det (cijo/ij — bijdjohj, ai„/ij — bijdjnhj] n + 2<i<2n + 2,l<j<n + l) = 0. 
Therefore, the matrix 

n+l n+l 

\1' = {diohi - ^ bijdjohj, Oi^/ii - ^ bijdjnhj; n + 2<i<2n + 2) 
j=i j=i 



MEROMORPHIC MAPPINGS HAVE THE SAME INVERSE IMAGES OF MOVING HYPERPLANES13 

has the rank at most n. 

Suppose that rank ^ < n. Then, the determinant of the square submatrix 

n+l n+1 

{ciiihi — bijdjohj, dinhi — bijCijnhj] n + 2 < i < 2n + 1^ 
j=i j=i 
vanishes identically. By Proposition \2.2\ it follows that f x g is algebraically degenerate 
over 7l{ai}f2i'^- This contradicts to the supposition. Hence rank\Ef = n. 

Without loss of generality, we may assume that the determinant of the square submatrix 

n+l n+l 

{diihi - ^ bijdjohj, dinhi - ^ bijdjnhj] n + 2 < i < 2n + l) 
j=i j=i 
of does not vanish identically. On the other hand, we have 

n+l n+l 

{diohi - ^ bijdjohj)go H h (dinhi - ^ bijdjnhj)gn = (n + 2 < i < 2n + I). 

Thus 

, n+l , , n+l , 

y^i^T ~ + ■■■ + [ain— - 2^%aj(„_i)— 

m ~[ iT'i Qn m ~[ m Qn 

^ h- ^ h- 

= -o-in-r^ + hjajn-r^ [n + 2 < i <2n + I). 

We regard the above identities as a system of n equations in unkown variables 

Qn Qn 

and solve these to obtain that — [fd <i <n — 1) has the form 

9n 



9n Qi 

hi 



' i 



where Pi and Qi are homogeneous polynomials in -7-^ (1 < J < 2r2 + 1) of degree n with 

h\ 

coefficients in 7?.{aj}^"^^. Then by Theorem 11.21 we have 

n— 1 n— 1 „ 2n+l , 

(2.6) T(r, g)<Y, T{r, ^) = T(r, ^) < n' ^r, j^) + o{T{r, g)). 
h 

We note that T(r, -i) = 0. By the equality ([22]) and Claim[231 for each j e {2, 2n + l} 
hi 

we have 



(2.7) 



T{r,^)=m{r,^) + N{r, uT^ + 0(1) < Nh,{r) + N^{r) + 0(1) 
hi hi Tq- S 

g^(g- l)(g-2) 
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Combining (12 .Op and (12. 7p . we obtain 



T{r,g) < 2n' 



ik + 1) 



T{r,g) + o{T{r,g)). 



Letting r 



+00, we get 



1 < 2n' 



3 g^(g-l)(g-2) 
(/o + 1) 



^/o + 1 < 2nV(g- l)(g-2). 



This is a contradiction. 

Then from Case 1 and Case 2, we see that the supposition is impossible. Hence, f x g 
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is algebraically degenerate over lZ{ai} 



^2:1 ■ The theorem is proved. 



□ 
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